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1. Introduction and preliminaries 

K Menger introduced the notion of a probabilistic metric space in 1942 and since then the 
theory of probabilistic metric spaces has developed in many directions [8]. The idea of 
Menger was to use distribution functions instead of nonnegative real numbers as values 
of the metric. The notion of a probabilistic metric space corresponds to situations when 
we do not know exactly the distance between two points, but we know only probabilities 
of possible values of this distance. Such a probabilistic generalization of metric spaces 
appears to be well adapted for the investigation of physical quantities and physiological 
thresholds. It is also of fundamental importance in probabilistic functional analysis. Prob¬ 
abilistic normed spaces were introduced by Serstnev [9] in 1962 by means of a definition 
that was closely modelled on the theory of (classical) normed spaces, and used to study 
the problem of best approximation in statistics. In the sequel, we shall adopt the usual 
terminology, notation and conventions of the theory of probabilistic normed spaces, as in 
[1,2,4-8,10]. 

In the sequel, the space of probability distribution functions (briefly, d.f.) is A+ = 
{F: R [0,1]: F is left-continuous, nondecreasing, F{Q) = 0 and F{+°o) = 1} and the 
subset D+ C A+ is the set 

D+ = {F G A+: rF{+oo) = 1}. 

Here l^f{x) denotes the left limit of the function / at the point x, l^f{x) = lim,^;^- fiO- 
The space A+ is partially ordered by the usual point-wise ordering of functions, i.e., F <G 
if and only if F (x) < G{x), for all x in R. The maximal element for A^ in this order is the 
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d.f. given by 


eo 


0 , ifx< 0 , 
1 , ifx> 0 . 


A triangle function is a binary operation on A+, namely a function t: A+ x A+ A+ that 
is associative, commutative, nondecreasing and which has Eq as unit, that is 


t(F,G) = t(G,F), 

F <G=^TiF,H) < TiG,H), 

T{F,eo)=F 

for all F,G,H € A+. Continuity of triangle functions means continuity with respect to the 
topology of weak convergence in A+. 

Typical continuous triangle functions are Tt{F,G){x) = sup^_|_,^^r(F(s),G(f)) and 
Tt*{F,G) = infs+t=xT*{F{s),G{t)). Here T is a continuous f-norm, i.e., a continuous 
binary operation on [ 0 , 1 ] that is commutative, associative, nondecreasing in each variable 
and has 1 as identity; T* is a continuous f-conorm, namely a continuous binary opera¬ 
tion on [0,1] which is related to the continuous f-norm T through T*{x,y) = 1 — ^(l —x, 
1 -y). 

The definition below is more general, it has been proposed in [ 1 ]. 


DEFINITION 1. 

A probabilistic normed space (briefly, a PN space) is a quadruple (V, v,T, T*), where V 
is a real vector space, T and T* are continuous triangle functions with T < T* and v is a 
mapping (the probabilistic norm) from V into A+, such that for every choice of p and q 
in V the following hold: 

(Nl) Vp = Eo if and only if p = 0 (0 is the null vector in V); 

(N2) V-p = Vp\ 

(N3) Vp+^ > T(Vp,v^); 

(N4) Vp < T*(V;tp.V(i_x)p) for every A e [0,1], 


A PN space is called a Serstnev space if it satisfies (Nl), (N3) and the following condition: 
For every a 7 ^ 0 G R and x > 0 one has 

V.,(*) = v„ (^) , 

which clearly implies (N2) and also (N4) in the strengthened form 
VAg[0,1], Vp = Tm(vap,V(i_x)p)- 

A PN space in which x = Tt and T* = Xt* for a suitable continuous f-norm T and its 
f-conorm T* is called a Menger PN space. 

Lemma 2. [2]. If\(x\ < |j3|, then V^p < Vap for every p in V. 



Finite-dimensional probabilistic normed spaces 


485 


Lemma 3. [2]. IfT* is Archimedean, then for every p in V such that Vp ^ £»» and every 
h> 0, there is a 5 > 0 such that 

|a| < 5 Vap{h) >l-h. 

In this case PN space is a topological vector space (shortly, TVS). We call every PN 
space with the above properties as strong TVS. 

DEFINITION 4. [8]. 

Let (y, V, T, T*) be a PN space. For each p'mV and A > 0, the strong X-neighborhood of 
p is the set 


Np{X) = {q&V:Vp-q{X)>\-X}, 

and the strong neighborhood system for V is the union Upev^V)^ where = {Np{X): 

X>0}. 

The strong neighborhood system for V determines a Hausdorff topology for V. 
DEFINITIONS. [ 8 ]. 

Let (y, v,T, T*) be a PN space, a sequence in V is said to be strongly convergent 

to p in y if for each A > 0, there exists a positive integer N such that p„ G Np{X), for 
n > N. Also the sequence {pn}n in V is called strongly Cauchy sequence if for every 
A > 0 there is a positive integer N such that Vp„_p„,(A) > 1 — A, whenever m,n > N. A 
PN space (y, v, T, T*) is said to be strongly complete in the strong topology if and only if 
every strongly Cauchy sequence in V is strongly convergent to a point in V. 

DEFINITION 6 . [5]. 

Let (y, V, T, T*) be a PN space and A be the nonempty subset of y. The probabilistic radius 
of A is the function 7?^ defined on R+ by 

\l^mf{Vp{x)\p€A], ifxG[0,+°o), 

[l, ifx = +oo. 

DEFINITION?. [5]. 

A nonempty set A in a PN space (y, v, T, T*) is said to be: 

(a) certainly bounded, if RA{x(f} = 1 for some xo G ( 0 , +°o); 

(b) perhaps bounded, if one has Ra{x) < 1, for every x G (0,+oo) and I^Ra{-\-°°) = 1; 

(c) perhaps unbounded, if Ra (-^o) ^ ^ for some xq G (0,4“°®) and / Ra (T °°) G (0,1); 

(d) certainly unbounded, if I^Ra{-\-°°) = 0, i.e., if Ra = Eoo. 

Moreover, A is said to be distributionally bounded, or simply D-bounded if either (a) 
or (b) holds, i.e., Ra G D+. If Ra G A+\D+, A is called D-unbounded. 

Theorem 8 [5]. A subset A in the PN space {V, V, T, T*) is D-bounded if and only if there 
exists a d.f G G D+ such that Vp > Gfor every p £A. 


If A C R is D-bounded then in general A is not classically bounded. 
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Example 9. We consider the PN space (R, v, T,M), where T is a triangle function such 
that T{ec,£d) < £c+d 7 M is the maximal triangle function and the probabilistic norm 
v; R ^ A+ is defined by Vp = e \p\ for every p in R and for a fixed a > 0, with 

‘>+|p| 

Vp(+oo) = 1 (see Theorem 5 of [3]). With this norm, R is D-bounded because Vp > Ei. 
DEFINITION 10. 

We say that the probabilistic norm v: R ^ A+ has the Lafuerza Guillen property (briefly, 
the LG-property) if, for every x > 0, limp^oo Vp(x) = 0, or, equivalently, limp^a, Vp = Eoo. 

Example 11. The probabilistic norm in the last example does not have the LG-property. 

Example 12. The quadruple (R, v, T^), where v; R ^ A+ is defined by 

{ 0 , if X = 0, 

exp(-|p|'/^), if0<x<-|-oo, 

1, if X = +00, 

and Vo = Eq is a PN space (see [1]) but is not Serstnev space and the probabilistic norm 
has the LG-property. 

Lemma 13. In a PN space (R,v,T,T*) in which the probabilistic norm has the LG- 
property, if A C R is D-bounded then it is classically bounded. 

Proof. If A C R is D-bounded, there exists a d.f. G G D+ such that Vp >G, for every 
p €A but if A is not classically bounded, then for every k > 0 there exists a p gA such 
that Ip I > k. Hence limp^oo Vp(x) = 0. Therefore for every x € (0, -foo) we have G(x) = 0, 
which is a contradiction. □ 

The converse of the above lemma is, in general, not true. See Example 12. Here the 
only D-bounded set is the singleton {0}. 

Theorem 14. If the PN space (R, V, T, T*) is a TVS then it is complete. 

Proof. Let {pm} be strongly Cauchy sequence, for every m,n €N m> nwe have 
lim Vp„_p„ = Eo. 

m,D—^oo 

By TVS property we have 

Vim„,p{pm-Pn) = £0 = Vq. 

Hence {pm} is a classical Cauchy sequence in R; therefore, it is convergent to p S R, i.e.. 
Pm — P ^0, since the PN space is TVS we have lim^ Vp„-p = Vo = Eq. □ 


2. Finite dimensional PN space 

In this section, we are interested in some properties of a finite dimensional PN space, in 
particular we introduce the definition of equivalent norms in a PN space. 
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Theorem 15. Let {pi,... ,p„} be a linearly independent set of vectors in a PN space 
(y, V,T,T*) such that X* is Archimedean and Vp f Zoo, for every p . Then there is a 
number c f 0 and there exists a probabilistic norm v': R ^ A+ on the real PN space 
(R, v', x', x'*) where x'* is Archimedean and Vp Eoo, such that for every choice of n real 
scalars ai we have 

- \-anPn — ^e(|ai|H-l-|an|)' 

Proof We write s = |ai| + ••• + |a„|. If s = 0, all a,- are zero, so (1) holds. Let 
s > 0. We define Pp = Vsp and /r' = Then (1) is equivalent to the following 
inequality, 

PPlPl-l -hfinPn — A; “ ^52 IA;I “ 

Hence it suffices to prove the existence of c 7 ^ 0 and p' such that (2) holds. Suppose 
otherwise, then there exists a sequence {qm} of vectors 

such that pp^ ^ eo as m ^ 00 . Since T!j=i IA/”*^I = we have lA,-”"^! < 1- Hence, the 

sequence {Ai™^} has a convergent subsequence. Let j3i denote the limit of such a sub¬ 
sequence, and let {qi^m} denote the corresponding subsequence of {qm}- By the same 
argument, {qi^m} has a subsequence {q 2 ,m} for which the corresponding sequence of real 
scalars {A^™^} converges say to j 32 . Continuing this process, we obtain a subsequence 
{qn,m} of [qm] such that 

and ^ fij as m ^ 00 . Hence 

n 

lim ^n,m — Q ^jPjj 

m^oo “ ■' ■' 

,/=l 

where L/=i \Pj \ = since 




as m ^ oo. Since {pi,... ,pn} is linearly independent and not all j3/s are zero, we have 
qfQ. Since ^ eo, we have ^ eo. But, 

Pq — P(q-qn,m)+qn,m — ipq-qn,m^ Pqn,m) ^Ot 

and hence ^ = 0. This contradicts ^ 7 ^ 0. □ 
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The following example shows that in the above theorem we need the field R to be a 
strong TVS. 

Example 16. Consider the PN space (R, v, T, T*) where T* is Archimedean and Vp ^ Eoo. 
By the above theorem there exists a c 7 ^ 0 and a probabilistic norm v': R A+ such 
that Vp < v'p. If in the PN space (R, v', t', t'*) lim^Vp^ < Eq whenever pm^O in R, 
then for the sequence { 2 ^”} we have V 2-/1 < v' 2 _„ and consequently So < So, which is a 
contradiction. 

From now on all the fields are strong TVS. 

Theorem 17. Every finite dimensional subspace W of a PN space iV, v, T, T*) where X* is 
Archimedean and Vp 7 ^ Soofor every p GV, is complete. In particular, every finite dimen¬ 
sional PN space is complete. 

Proof. Let {qm] be a strong Cauchy sequence in W. Let dimW = n and {wi,... ,w„} be 
a linearly independent subset of W. Then each qm has a unique representation of the form 

(m) , , im) 

qm — tVi T • • • -f CCn Wfj. 

Since {qm} is a strong Cauchy sequence, for every h>Q there is a positive integer V such 
that 


Vq,„-q,ih) >l-h 

whenever m,k>N. By the above theorem and Lemma 2, we have, for every j =l,2,...,n, 


l-h<v, 


‘Im-qkW 


-“j N] 


< v' 


' \af'^-af'\ 


{h) 


< v' 




where c 7 ^: 0, v': R —> A+ and m,k>N. This shows that each of the n sequences 
where j = l,2,...,n is a strong Cauchy in (R, v', t',t'*). Hence it converges, say to aj. 
Now let us define q — aiwi H-h UnWn- Clearly, q GW. Furthermore, 


Vq„ q 

tends to Eq whenever m ^ 0 °. That is qm strongly converges to q. Hence W is 
complete. □ 

DEFINITION 18. 

A probabilistic norm v: V —> A+ is said to be equivalent to a probabilistic norm p-.V^ 
A+, if Pm —^ p is equivalent to pm p. 
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In the following example two equivalent norms in probabilistic normed space are given. 

Example 19. We consider two PN space (V, v,T, T*) with probabilistic norm Vp = e||p|| 
where T{ec,ed) = £c+d, {c>0,d>0) and t < T* (see Example 1 of [5]) and (y,/r,T',M) 

with probabilistic norm jJ-p = £ ||p|| ,a > 0 (see Theorem 5 of [3]). It is easy to see that 

a+ypll 

the two probabilistic norms are equivalent and so identity map 7: V ^ V is continuous. 


Theorem 20. IfV is a finite dimensional vector spaces, then every two probabilistic 
norms V of and p of {V, p,t',t'*) are equivalent, whenever X* and x'* are 

Archimedean, Vp Eoo, and Pp £ 00 , for every p in V. 


Proof. Let {vi,... ,v„} be a linearly independent subset of V. Let ^ p. We know 
that both Pm and p have a unique representation as 


(m) 

Pm = Vi 


im) 

■ (Xn Vm 


and p = a\v\ H-h (XnVn- By Theorem 15 and Lemma 2, we have 


^Pm-P 


= V, 


where c and v': R ^ A+. Therefore lim^ v' 


< v' 


- 


< v', 




c(\aY^-aj\) e(lim„ 


= V 


(m)_ 


in R. But 


= £o, that is 


SO by continuity of x' we have pm p- By the same argument pm p implies pm —^ 

p. □ 


In the next example we show that there are two PN spaces which are not equivalent even 
in a finite dimensional probabilistic normed space. Indeed, since Xm is not Archimedean, 
the first PN space in the next example is not strong TVS. 

Example 21. We consider PN space (R, v, Tw, Tm) where Vq = £o and Vp = |pL ^o 

l^pl^eoo for p know Xm is not Archimedean, (see [2]) and PN space (R, v, X, X*) 

with probabilistic norm Vp = £\p\ where x{£c,£d) = £c+d^ {c > ^id > 0) and x < X* (see 
Example 1 of [5]). Now, the sequence {1/n} in the first PN space is not convergent but in 
the second it is convergent. Therefore the above PN spaces are not equivalent. 


3. D-bounded and D-compact sets in PN spaces 

Theorem 22. Let (V, v,T, T*) be a PN space in which v{V) C D+ and D+ is invariant 
under X, i.e., x{D^ x D+) C D+. If pm p in V and A = {pm- w £ N}, then A is a D- 
bounded subset ofV. 

Proof. Let pm —> p. Then there exists a positive integer N such that for every m>N we 
have Vp„,_p > G, for each G G D+. Therefore 

Vp„>T(Vp„_p,Vp)>T(G,Vp). 

If we put H — min{ Vp,,..., Vpjy_|, x{G, Vp)}, then H G and Vp„ > H, for every m G N. 
Hence A is a D-bounded set. □ 
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Note that, in the Example 12 in which v(y) C A+\D+, the sequence { ^ } is convergent 
but A = {^:mGN}is not a D-bounded set. 

DEFINITION 23. 

The PN space (V, v,T, T*) is said to be distributionally compact (simply D-compact) if 
every sequence {pm}m in V hns a convergent subsequence {pm*.}- A subset A of a PN 
space (y, V, T, T*) is said to be D-compact if every sequence {pm} in A has a subsequence 
{pmi,} convergent to a vector p € A. 

Lemma 24. A D-compact subset of a PN space (V, V, T, T*) in which v(y) C D+ and 
is invariant under T, is D-bounded and closed. 

Proof. Suppose that A C y is D-compact. If A is D-unbounded, it contains a D-unbounded 
sequence {pm] such that Vp„ < Em. This sequence could not have a convergent subse¬ 
quence, since a convergent sequence must be D-bounded by Theorem 22. The closedness 
of A is trivial. □ 

As in the classical case, a D-bounded and closed subset of a (finite dimensional) PN 
space is not D-compact in general, as one can see from the next examples. 

Example 25. We consider quadruple (Q, v, T®, Tt^), where n{a,b) = a.b, t 2 {a,b) = 
i+[((i/a)-i)4((i/&)-iyi‘/^ ’ ^ probabilistic norm Vp{t) = 

It is straightforward to check that (Q, v,Ttj) is a PN space. In this space, conver¬ 
gence of a sequence is equivalent to its convergence in R. We consider the subset 
A = [a,hi no, where a,b S R\Q. Since ^then A is a D-bounded 

set and since A is closed in Q classically, and so is closed in (Q, v,Ttj). We know 
A is not classically compact in Q, i.e., there exists a sequence in Q with no con¬ 
vergent subsequence in a classical sense and so in (Q, v,T;i:,Ttj)- Hence A is not D- 
compact. 

Example 26. We consider the PN space introduced in Example 9. With this probabilistic 
norm, R is D-bounded and closed. But R is not D-compact, because the sequence {2'”} 
in R does not have any convergent subsequence in this space. 

Example 27. The quadruple (R, v, T,M), where M is the maximal triangle function, and 
the probabilistic norm is a map v; R A+ such that Vq = Eq, Vp = Ea+\p\ if p fQ, {a > 

a 

0), and T{Ec,Ed) < Ec+d, (c > 0,d > 0), is a PN space (see Theorem 4 of [3]). If A is a 
nonempty, classically bounded set in R, then there exists s > 0 such that for every p € A 
we have \p\ <s. Since Vn > Ea+s , A is D-bounded. Also it is trivial that A is closed. Now 

a 

we show that A is not D-compact. Assume, if possible, that A is D-compact and {pm} be 
an arbitrary sequence in A which has a subsequence {pm*.} convergent to some p in A, 
then we have 

lim Vp„^_p = limea+|p„^_pl fE^. 

k * a 

This implies that p is not in A, a contradiction. 

Theorem 28. Consider a finite dimensional PN space (y, V,T,T*), where T* is 
Archimedean, Vp Eoc, and v(y) C D+ and D+ is invariant under t, for every p & V 
on the real field {R,v',t'where v' has the LG-property. Every subset A of V is 
D-compact if and only if A is D-bounded and closed. 
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Proof. By Lemma 24, D-compact subsets A of V are D-bounded and closed, so we need 
to prove the converse. Let dimV = n and {w \,... ,w„} be a linearly independent subset 
of y. We consider any sequence {qm} in A. Each has a representation q^ = + 

-h alr'^Wn- Since A is D-bounded so is {qm\, and so there exists a d.f. G S D+ such that 


G < Vq„ 


^ V (iji] 

- a} ’wi+--+ali >wn 


By Theorem 15 and Lemma 2, we have 


< v' 


c(|a<”)|+-+l«n) 


Hi 




Hence for each fixed j, the sequence is D-bounded and since v' has the LG- 

property then by Lemma 13, it is also classically bounded. Therefore for every 1 < ;■ < « 
the sequence has a convergent subsequence converging to some aj,j = 

As in the proof of Theorem 15, we can construct a subsequence {rm} of {qm} which 
converges to r := L/=i Since A is closed, r € A. This shows that each sequence 

[qm] in A has a convergent subsequence in A. Hence A is D-compact. □ 
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